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Quantum Decoherence of Charge Qubit coupled to Nonlinear Nanomechanical 

Resonator 
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When the nonlinearity of nanomechanical resonator is not negligible, the quantum decoherence 
of charge qubit is studied analytically. Using nonlinear Jaynes-Cummings model, one explores the 
possibility of being quantum data bus for nonlinear nanomechanical resonator, the nonlinearity de- 
stroys the dynamical quantum information-storage and maintains the revival of quantum coherence 
of charge qubit. With the calculation of decoherence factor, we demonstrate the influence of the 
nonlinearity of nanomechanical resonator on engineered decoherence of charge qubit. 
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I. INTRODUCTION 

Any quantum system, is immersed into the environ- 
ment, can not be isolated from the environment com- 
pletely. [l|ln literatures, one mimics the environment 
with the "bath" model. The fluctuation of the bath in- 
duces the dissipation and decoherence of the quantum 
system such that long decoherence time is very impor- 
tant for qubit. Actually, to implement quantum com- 
putation, one often uses a longer life-time medium to 
store the state of qubit. [2[ Now quantum decoherence 
and quantum information-storage have been the central 
issues in the study of quantum information and compu- 
tation. 

Both long decoherence-time qubit and long life-time 
medium are potential candidates for quantum informa- 
tion. The traditional cavity QED system, 3] consisting of 
two-level atom and microwave cavity, can implement this 
quantum information-storage process. Now the decoher- 
ence time of Josephson junction qubit has been of or- 
der 10/us. [J] Josephson junction qubitp can be coupled 
to superconducting microwave cavity 6] and transmission 
line resonator (7[ ■ Recently, the integration of Josephson 
junction qubit and nanomechanical resonators |8| are at- 
tracting considerable attentions. These nanomechanical 
resonators can be easily fabricated using technologies of 
nanoelectronics (see, e.g., Refs [9|, Gil). The dynamics 
of all these coupled systems could be described by the 
Jaynes-Cummings Hamiltonian. [11| 

In contrast to nanomechanical resonator being as- 
sumed as a harmonic oscillator, the nonlinearity of 
nanomechanical resonator has attracted more and more 
attentions, [l(| such as one can enhance the anharmonic- 
ity of nanomechanical resonators by subjecting them to 



inhomogenous electrostatic fields, [12[ generating Yurke- 
Stoler states. [13| Here the coupled system including 
charge qubit and nonlinear nanomechanical resonator is 
considered. 



This paper is organized as follows. In Sec. II, we 
describe the proposed model of a charge qubit inter- 
acting with a nonlinear nanomechanical resonator. In 
Sec. Ill, the nonlinearity of nanomechanical is consid- 
ered in implementing the process of dynamical quantum 
information-storage. In Sec. VI, the influence of the non- 
linearity of nanomechanical resonator on engineered de- 
coherence is studied analytically. 




FIG. 1: Schematic diagram of a charge qubit capacitively 
coupled to a nanomechanical resonator. An externally ap- 
plied voltage on the capacitor (Cn) formed by the supercon- 
ducting island of Josephson junction and the nanomechanical 
resonator. Here, C.j and C g represent the capacitances for the 
Josephson junctions and the gate capacitor respectively. V g is 
the gate voltage applied to charge qubit via the gate capacitor, 
and Viv is an externally applied voltage on the nanomechani- 
cal resonator. 



II. MODEL 

Due to the nonlinearity, the nanomechanical resonator 
is not assumed as harmonic resonator. The Hamilto- 
nian for nonlinear nanomechanical resonator is described 
by0 
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where m is the effective mass, tu is the linear resonator 
frequency and the parameter a measures the strength of 
nonlinearity. The canonical coordinate x and momentum 
p satisfies the commutation relation [x,p] — i. Hereafter, 
we assume K = 1. The x and p can be also represented 
by the annihilation and creation operators (a and a'), 



1 



(« f + a) . 

V 2mu> 

■ 1™U ( t \ 
p = iJ-(ai-a). 

Thus the Hamiltonian in Eq. ((T|) can be rewritten as 
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with the nonlinear parameter is x — a l (8rnw). 

As shown in Fig. 1, with the oscillation of nanome- 
chanical resonator, the Cooper pair box (charge qubit) 
is capacitively coupled to the nanomechanical resonator. 
Here Cn(x) denotes the capacitance between nanome- 
chanical resonator and the superconducting island of 
Cooper pair box. The distance d between nanomechan- 
ical resonator and superconducting island is assumed 
much larger than the amplitude x of the oscillation of 
nanomechanical resonator, i.e., d ^ x. In this case, one 
can approximately simplify the capacitance Cn(x) as 



C N (x) 



C N [l-~ 



According to the results in Refs. [if 
nian of charge qubit reads 



(5) 



16], theHamilto- 
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(6) 



with respect to the qubit frequency w a = Ej and the 
coupling constant g — 4EcnNX zp /d. These spin oper- 
ators {a z , a±} are defined in the basis of charge qubit 
{|0)„|l),},i.e., 



*+\0) q = \l) q , a-\l) q = \0) q . 



(7) 



Notice that the coupling constant g is determined by the 
bias voltage Vn (ex tin), and one can tune the qubit fre- 
quency LUq through the external magnetic field. Then 
the total Hamiltonian for charge qubit and nonlinear 
nanomechanical resonator is 

H = H C + H N . (8) 

Where H c and H^ are given by Eqs. (|4I6[) respectively. 

III. REVIVAL OF QUANTUM COHERENCE 

During the process of the preparation, manipulation 
and measurement of quantum state, the loss and revival 
of quantum coherence is very important for building a 



real quantum computer. With a longer life-time medium 
(data bus), one can store, manipulate and communicate 
quantum information. Q Considering the nonlinearity of 
nanomechanical resonator, the possibility of being quan- 
tum data bus in quantum computation will be explored 
in this section. 

One can control the Josephson coupling energy Ej 
such that the qubit is resonant with the nanomechanical 
resonator (oj q — ui). Using the rotating- wave approxima- 
tion, the total Hamiltonian in Eq. © becomes 

H = — cr z +g (aV_ + cuj + ) + (lu + \) a) a+x (a a) ■ (9) 

It is just the same as the nonlinear Jaynes-Cummings 
Hamiltonian. |17| The nonlinear part in the above Hamil- 



tonian x (a a) 



is obtained from the quartic potential 



(~ x seen in Eq. (U])). Here the nonlinear parameter x 
is assumed as much smaller than the coupling constant g. 
When the nonlinear parameter x vanishes, the Hamilto- 
nian in Eq. ^ reduces into the Jaynes-Cummings Hamil- 
tonian. [ll| In the following, the influence of the nonlin- 
ear part x ( a a ) on quantum information storage and 
quantum coherence will be analyzed carefully. 

Corresponding to the Hamiltonian in Eq. ([S]), we can 
solve the eigenvalues 



and the eigenstates 



X )±9x 



(10) 



|+) = cos-|01)+sin-|10), 
I-) = -sin||01) + coB^|10). 



Where some parameters are defined as g x — \/g 2 + x 2 
and 9 = arcsin (g/g x )- Here the nonlinear parameter x i n 
Eq. (TTUIO shows that the nonlinearity of nanomechanical 
resonator modifies the Rabi oscillation frequency g x in 
Jaynes-Cummings model. 

Now the initial state of charge qubit is prepared in 
the coherent superposition state, a |0) +/3|1) , and 
the nanomechanical resonator in the vacuum state |0)at. 
Then the initial state of the total system writes 



|V(0)) = (a|0),+ j 9|l),)®|0) 



JY 



for H 2 + |^| 2 = 1 and |0), <8> \0) N = |00). When the 
charge qubit begins to interact with the nanomechanical 
resonator, the state of the total system evolves into 

\i>{t)) = C o(i)|00)+GnW|01) + C 10 (;)|10). 

Some parameters are given in the following 

Coo {t) = ae" 4 **, 

C 01 (t) = -0 sin Oe-^+x) sin (g x t), 

C w (t) = fie-^+x) (cos (g x t) +i cos 9 sin (g x t)){.ll) 



There exists the condition |C 00 | 2 + |C i| 2 + |C 10 | 2 = 1. 

The process of quantum information-storage can be 
implemented by 

(a \% + P\l) g ) ® 10)^ -► |0), ® (a \Q) N + p \\) N ) . 

Considering the nonlinearity, the time evolution of the 
probability of quantum information transferred from 
qubit to nanomechanical resonator is 



Here the time evolution of wave function for the total 

system is 



P = |C 00 (i)| 2 + |C i(t)| 2 
= M 2 + |/?| 2 [sin0 sin (g x t)f 



(13) 



When the nonlinearity is not considered in Eqs. (|9I11[) 
(x — 0), the probability P is 1. Then the quantum infor- 
mation can be transferred from charge qubit to nanome- 
chanical resonator. Obviously seen in Eq. (fTTj) . the prob- 
ability P is smaller than 1. Then the process of quantum 
information-storage can not be implemented and the non- 
linear nanomechanical resonator can not be a quantum 
data bus. 

At time r = kir/g x for fcs being integers, there exists 
Cqi ( t ) = and the state of the total system evolves into 

|4> (r)) - (Coo (r) |0), + C w (r) |1>,) ® \Q) N . (14) 

Here the quantum information (a and /3) returns into 
the qubit and the nonlinearity maintains the revival of 
quantum coherence of charge qubit. 



IV. ENGINEERED DECOHERENCE 

In previous work, Q the traditional cavity QED sys- 
tem (consisting of a two-level atom and a microwave 
cavity) demonstrates a reversible decoherence process 
of mesoscopic superposition of field states. This model 
(consisting of a charge qubit and a nonlinear nanome- 
chanical resonator) will show the influence of the nonlin- 
earity on its engineered decoherence. 

According to Eq. (|5J|, we turn off the Josephson cou- 
pling energy Ej, i.e., u> q = 0. Thus the Hamiltonian cor- 
responding to a standard quantum measurement model 
is obtained, [la ] 

# = -ff |0)(0|+#i|l)(l|. 

where the effective Hamiltonian H k is 

H k = (-if g (a 1 + a) + ua^a + - (a + a f ) 4 (15) 

6 

with respect to the qubit state \k) (for k = 0, 1) which 
is the eigenvectors of spin operator a x . Obviously the 
Hamiltonian H k in Eq. (1151) describes a driven nonlinear 
oscillator. 

Assuming the initial state of the nanomechanical res- 
onator in vacuum state and the qubit in a superposition 
state, then the initial state of the total system is 

|^(O)) = (a|O)+0|l»®|O) w . 



llK*)> 



-iHt 



IV (0)) 



- a|0)<g>|/x (t))+/3|l>®|Mt)) (16) 
where we have defined 

\^(t))=e- iH " t \0) N . (17) 

For any coherent state, we have 



| a) = e aa a a |0) 



JV 



Applying the coherent displacement transformation 



D(a k ) 



^a k a' —a k a 



and neglecting the fast oscillating terms, the Hamiltonian 
H k in Eq. (fTS"]) is transformed into the effective Hamilto- 
nian 

H e k ff = £>t ( Qfc ) HkD (a k ) =r2a t a + x(a t a) 2 

where the transformed angular frequency of nanomechan- 
ical resonator is f2 = u + x + 8A 2 x for a k = (—1) A — 
(—1) ' g/ (uj + x)- The state vector in Eq. (TIT)) writes 

\Hk (t)> = D (a fe ) e-^'^Dt (a k ) \0) N . (18) 

The process of quantum decoherence could be de- 
scribed by time evolution of the reduced density matrix 
of quantum system and the off-diagonal elements of re- 
duced density matrix measures the decoherence. Accord- 
ing to Eq. (|16p , the time evolution of density matrix for 
the total system is 

p(t) = |V(i))(VW|. 

Then the reduced density matrix for charge qubit is cal- 
culated as 

Ps (t) = rr(|v(t)MV(t)l)) 

= a*a |0> <0| + 0«i (*) j/*o (*)>«j9* |0> <1| 

+</*o (*) |A*i (*)>«*/? |1> <0| + /3*j9 11> <1| <19) 

As a measure of decoherence, the off-diagonal elements of 
the reduced density matrix can be defined as decoherence 
factor [3 

!>(*) = I <l«i(t)Mt)>|. 

To clarify the influence of the nonlinearity of nanome- 
chanical resonator, the decoherence factor will be calcu- 
lated in the following. 

Using the Baker-Hausdoff formulas, it is easily calcu- 
lated that 



Ul(t)aU x (t) = e lxtQta a, 
UUt)a)U x {t) = aV x ' at °. 



The decoherence factor becomes 

£>(*) = | (-aie-' m | C/t(t)Dt ( ai ) U x (t) (20) 
Ul(t)D(a )U x (t)\-a e- mt )\ 

where we have adopted U x (t)U x (t) = 1 for U x (t) — 
Taking the coherent state displacement operator 

Kot)*(-e*or 



D(0-e-*l«l" £ 

fe m— o 



fc!ra! 



and 



f e IX * a °a) |0 = (£) m (e lxt ) 2 |£e" nx *) 
into Eq. (|20|l. the decoherence factor is obtained 



£>(*) = 



-3A^ 



E 



(2A 2 ) 



2\ fc+m 



fc!m! 



(e <nt )"(e- ixt )' 



(e- im ) m (e^)^^ e -A 2 -A 2 e--*V-^ (21) 

Without the nonlinearity, x — and A = g/w, the deco- 
herence factor in Eq. ([2"TT) reduces into 



£>(*) = e ~ 8 ^ sin2 (M. 



(22) 



Which is also obtained in the coupled system of charge 
qubit and microwave cavity. [191 ] 

To demonstrate the influence of the nonlinearity on 
the quantum decoherence, we consider it in the short- 
time limit. Here the condition %£ <C 1 is assumed, we get 



o*X* 



is approximately 



1 + i\t. Then the decoherence factor in Eq. ([21 



D(t) 



_ -8A 2 s in 2 [i(a+A 2 x +I x )t] 



(23) 



Through some simple calculations, we have $7 + X 2 \ + 
\\ > u and A 2 < g 2 /uj 2 . Seen in Eqs. ([22 1 I23 ]) . the non- 
linearity of nanomechanical resonator increases the speed 
of oscillation and reduces the amplitude of oscillation in 
D(t). 



V. CONCLUSIONS 

Considering the nonlinearity of nanomechanical res- 
onator, the possibility of implementing quantum in- 
formation storage and quantum decoherence of charge 
qubit are studied analytically. Using nonlinear Jaynes- 
Cummings model, we find that the nonlinear nanome- 
chanical resonator can not be a quantum data bus. In 
addition, the equation (|13|) shows that the nonlinearity 
does not destroy the revival of quantum coherence of 
charge qubit. With the calculations of decoherence fac- 
tor in Eqs. (21-23), we demonstrate the influence of the 
nonlinearity of nanomechanical resonator on engineered 
decoherence of charge qubit. It shows that the nonlin- 
earity of nanomechanical resonator affects the oscillation 
in decoherence factor D (t) . 
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